The paper describes the formulation and implementation of the broadband finite element time domain algorithm. The presented formalism is valid to analysis of electromagnetic phenomena in linear, frequency selective materials. The complex profile of permittivity of materials is approximated using a set of the Lorentz resonance models. The solution of the integro-differential second order equation is obtained using a singlestep integration scheme and a recursive convolution algorithm. The discussed formulation enables to adopt the structure of the narrowband part as well as the phase of calculation of the convolution equations for the subsequent components. The properties of the algorithm are validated using a finite difference broadband algorithm.
Introduction
The development of high frequency equipment is inherently coupled with implementation of some new, hybrid materials [7, 12, 16] . The discussed set of materials consists of at least two quite different groups, with disordered internal structure and with periodic, totally ordered structure. Some compounds, polymers and mixtures, as well as Marconi materials, constitute the first group. The second one covers some layered materials and electric metamaterials. In the context of high frequency applications, these materials show some interesting features. Their electric properties are frequency dependent and they can be adjusted to the desired form by modification of the internal structure. The rate of selected inclusions and their arrangement in a microscopic scale bring on modification of the local electromagnetic field. In that way, the damping and transmission coefficients of these materials can be fitted in the assumed frequency band.
Numerical analysis of electromagnetic fields in frequency-dependent materials requires implementation of a time-domain algorithm. Direct integration of Maxwell equations arises due to required estimation of some polarization phenomena. The typical solution of this problem is based on a leap-frog finite difference time-domain algorithm [5, 15] . Some wideband formulation of the finite element algorithm is delivered in [4, 8, 9] .
The paper deals with a broadband single-step formulation of the finite element (FE) algorithm. The constitutive equation is split into a set of self-dependent ordinary differential equations and integral equations. The convolution part of the equation is calculated using a recursive scheme. The structure of the single-step scheme, based on a systematic decomposition into the narrowband part and the phase of calculation of polarization, is presented and discussed. The proposed structural coupling between these parts enables one to implement different algorithmic solutions of the subroutines. Validation of the presented finite element algorithm has been performed by considering a three-dimensional benchmark problem.
Material properties
Macroscopic analysis of electromagnetic phenomena requires an instantaneous representation of the electric parameters. According to linear properties of the analyzed materials, the complex, frequency-dependent profile of permittivity
can be expressed as a sum of a real value optical dielectric constant ∞ ε and a complex function of suscepti-
For the assumed frequency span up to 1-10 GHz, the permeability of materials remains constant ( : r = 1). In the analyzed dielectric structures, any conduction currents are neglected (F = 0).
Any real profile of susceptibility of linear material can be approximated using an additive form of the constructed model
In this approach, the frequency variation of susceptibility is expressed by a set of Lorentz submodels [5, 6] ( ) ( ) where 1(t) is the unit step function. Taking into account the simplicity of the later form of the algorithm, the typical time-domain form of the Lorentz oscillator (3) is replaced using an exponential kernel
Returning to the basic form of the susceptibility function requires calculation of the real part of the complex time-domain kernel ( ) ( ).
Formulation of the algorithm
Assuming linear, isotropic properties of the media, the dynamics of electromagnetic field in the analyzed problem is described by the second order integro-differential equation [6] ( )
where E is the time-dependent vector of the electric field intensity, E = E(x, y, z, t). Equation (5) is an extended form of the common wave equation. It covers some problems where permittivity of materials is frequency-dependent and some broadband, non-harmonic waves propagate in the investigated case. According to the Equation (5), the distribution of the electric field depends on some traces of electromagnetic phenomena expressed by the convolution integrals 
=
The stated boundary value problem is solved using the Galerkin method. The discussed formulation of the finite element algorithm is based on first order Whitney elements [10] . The vector basis functions w g are connected with the edges of the mesh, and belong to the space
where L 2 is a functional space of double-summable functions [1, 10] . The created FE mesh consists of tetrahedral elements. It is inscribed into the volume of the model S e using some techniques of h-adaptation.
The final outcome of the assembling is the ordinary differential matrix equation
which is coupled with a set of convolution equations
e c (7) The vectors e and c n gather the values of, respectively, the electric field intensity and the components of polarization along the edges of the FE mesh. The independent sources of the electromagnetic field in the model are specified in the vector f. The components of the matrices are expressed as either dot or vector product of the vector basis functions
where g and h are the indexes of the edges in the model ),
is the boundary surface of the volume with the inscribed absorbing boundary conditions, and c is the speed of electromagnetic wave. The Q 0 matrix is only defined within the regions where any dispersive material exists (i.e. 0 Δ , > n ε ), therefore its size depends on geometry and material properties of the dispersive body. The components of this matrix are given by the formula
The accuracy and stability of the constructed algorithm can be controlled by the value of the time step ) t and applied time-integration numerical scheme. The size of the time step ) t remains the essential constraint of the wideband scheme. Its value arises directly from the dynamics of sources of electromagnetic field, and properties of the dispersive materials (i.e. time constants in the analyzed susceptibility submodel) (12) where f I,u is the upper frequency of the spectrum of excitation. In this approach, a single-step form of the Newmark algorithm is used [13, 14] . The field intensity and its time-derivative at the discrete time-instances t = k) t (k = 1, …, N t ) are expressed by equations
The algorithmic dissipation of this algorithm and its ability to damp some modes are set by the selection of $ and ( coefficients.
Passing over detailed transformation, the final form of the proposed algorithm is composed of four subsequent and partially dependent phases at each time-step.
1. Phase of assembling the effective vector of excitation , Δ 
where the indicated subvectors are stated by equations 
The coefficients v n,2 , v n,3 and v n,1 in Equation (28) are gathered in the n v vector,
Their values relate directly to properties of the n-th submodel of susceptibility (cf. Eq. 36). The number of convolution Equations (31) and vector Equations (32)-(33) processed in the fourth phase is equivalent to the number of submodels of susceptibility (2) .
The flow-chart of this scheme is depicted in Figure 1 . The solid lines define relations for the strictly single-step scheme, while the dashed lines indicate some paths for the two-step algorithm. According to the definition of B 3,n matrix, the single-step form of the constructed wideband algorithm is only assured when the v n,3 component is equal to zero.
The representation of the processed field variables allows for casting two coupled sections in the algorithm. Real temporary distributions of electric field and their derivatives are computed in phases 1, 2, and 3. Since the exponential form of susceptibility is used, the equations assigned to the fourth phase are complex-valued. The selection of the real part is a function lock between the narrowband and the convolution parts of the algorithm.
The structure and properties of the proposed wideband FE algorithm can be modified in the narrowband and convolution phases. Following the properties of the Newmark algorithm, the selection of $ and ( coefficients enable one to obtain a set of second order time-integration schemes. 
Electromagnetic energy in the model is conserved, and the scheme remains unconditionally stable when $ = 0,25 and ( = 0,5 [9] .
The second method of modification of the algorithm is hidden in the form of the v n vector. Its components appear in Eqs. (17), (28) and (31). Their values depend on the assumed method of approximation of electrical field distribution in an elementary period ( ) .
The formulated algorithm enables one to implement some different schemes of approximation. The presented formulation is limited to the two-step scheme of approximation, and the simplest one is the constant recursive algorithm, e k+1 = e k . In that case the vector of coefficients can be expressed as [ ].
Considering a higher-order scheme, the final form of the vector would not change, but the mathematical expression would be more complex. Consequently, the computational cost of the FE algorithm would increase. The given scheme of approximation can be independently matched to each n-th submodel of susceptibility.
Validation of the algorithm
The properties of the algorithm were examined using a benchmark model. In the presented case study, an incident electromagnetic pulse propagates through the space and interacts with a frequency-selective body placed in the center of the analyzed volume. The configuration of the problem is shown in Figure 2 . The unbounded domain of the problem is reduced to a cube (x S = y S = z S = 50 mm). The first-order Engquist-Majda boundary condition is implemented on the external surface of the model [1] . The affected object consists of a dielectric, dispersive layer placed on a perfectly conducting sphere. This layer changes the dynamics of the electromagnetic response and the equivalent radar cross-section of the analyzed object. The narrowband, selective nature of the dielectric sheath is expressed by a linear combination of the three resonance submodels (2) . The constitutive parameters of the submodels are shown in Table 1 . The plots of the real and imaginary components of permittivity ( ) 
as a function of frequency are presented in Figure 3 . The assumed body is illuminated by a plane wave { }.
It propagates along the y axis (k = 1 y ), and the time signature of the wave is a Gaussian function
where α I and t I are respectively the decrement and the time shift of the impulse. These parameters of the excitation wave are equal, respectively, to 4·10 10 s -1 and 7.5·10 -11 s. In that case the spectrum of the impulse reaches the frequency of over f I,u = 7.5 GHz (Fig. 3) .
To get a quantitative estimate of the field behaviors, the computed values are registered on selected horizontal cross-sections of the model (denoted as A and B in Fig. 2) . The example snapshots of the computed electric field distribution are presented in The variation of relative modulus of electric field intensity is plotted in Figure 5 . For the sake of comparison, the results obtained from the finite difference time-domain algorithm (FDTD) are presented in the same figure. The constructed FD model with the regular, cubical Yee mesh is calculated using the Meep package [11] . Its broadband implementation is based on the recursive convolution technique [15] . Good correspondence between both algorithms is evident from the figures. 
Conclusions
The presented single-step, broadband algorithm enables one to analyze the problems with some frequency-selective linear materials. The essential point in the construction of the flexible finite element scheme is functional relations between the strictly narrowband and the convolution parts. In the constructed scheme, the dependencies between these tasks can be shaped independently for each submodel of susceptibility.
Due to the single-step form of the time-integration scheme and the convolution subroutine, the FE mesh can be adapted and modified during computations. Since the law of conservation of energy must be fulfilled, the mesh can be modified in the nondispersive regions. The FE elements inscribed in the dispersive regions should remain unchanged, because the values of the convolution integrals collect the information about previous, local distributions of the field in the selected region.
The complex form of the numerical scheme has an effect on the final computational costs of the algorithm. The comparative analysis indicates larger memory cost of the single-step algorithm than the commonly used two-step finite element scheme [2, 4, 9] . In the worst case, when dispersive material occupies the whole volume of the model, the memory cost of the single-step scheme is at least 24% higher than that of the two-step one.
The discussed finite element algorithm can be efficiently implemented in problems with highly non-homogeneous material structure. The size and construction of the FE mesh can be adapted to properties of materials. The commonly used FDTD algorithms require the uniform hexahedral mesh. Therefore, the size of the FDTD model can be larger, but the total time of computations and the performance of this algorithm remain better than the FE one [3] . The FDTD algorithm remains explicit in the wideband formulation. The solution of matrix Equation (27) is the most time-consuming part of the presented implicit finite element scheme.
